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Abstract. It is well known that isolated singularities of two dimensional analytic vector 
finds can be desingutarized: after a finite number of blowing up operations we obtain a vector 
field that exhibits only elementary singularities. In the present paper we introduce a similar 
method to simplify the periodic limit sets of analytic families of vector fields. Although the 
method is applied here only to reduce to families in which the zero set has codimension at 
least two, we conjecture that it can be used in general. This is related to the famouss Hilbert's 
problem about planar vector fields. 

I n t r o d u c t i o n  

Let X = {Xa} be a real analytic family of vector fields on a two-dimensional 

surface S ~, with parameter A E A, where A is some compact real-analytic man- 

gold. To avoid complicated recurrence phenomena we suppose that S 2 is either 

a two-dimensional sphere or any compact two-dimensional analytic submanifold 

(with boundary) of the sphere. 

The set of singular points of X, denoted by Z (X), is an analytic subset of 

S 2 x A. The aim of this paper is to describe a method of desingularization of 

X. This desingularization is done to simplify the family and obtain in this way 

a better knowledge of it, for instance concerning its limit cycles, i.e. isolated 

periodic orbits. 

In order to motivate the interest of such desingularization we recall that 

Hilbert's 16 th  problem can be formulated as follows: given any n > 2, prove 

the existence of an upper bound H(n) on the number of limit cycles of any 

polynomial vector field on R 2 of degree less than n. 

The family of all polynomial vector fields of degree smaller than n may be 
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94 ZOFIA DENKOWSKA AND ROBERT ROUSSARIE 

replaced by an analytic family X as above after extending the given vector field to 

the 2-sphere S 2 and restricting the parameters to the unit sphere in the coefficient 

space. 

It was suggested in [R1] to replace Hilbert's 16 th problem by a more general 

conjecture about the family X, called 

Finiteness Conjecture.  For any analytic family X as above, there exists a 

bound C on the number of limit cycles of each vector field Xa. We say that 

the family X has the finiteness property. 

It was explained in [R1] how this conjecture is implied by a local one, con- 

cerning the existence of such a bound for analytic unfoldings. To state the local 

conjecture, we need the following definition of a limit periodic set ([FP]): 

Definition. Let X be an analytic family of vector fields on S 2, with A E A, A 

not necessarily compact. A limit periodic set of X is a compact set 1" c S 2, 

invariant by X~ o for some Ao E A, and such that there exist a sequence {An}r~ 

converging to Ao and for each An a limit cycle 7,~ of Xx n, with the property that 

{Tn} converges to P in the Hausdorff metric on S 2. 

Then, the existence of a local bound is made precise, using the notion of 

cyclicity, introduced in [R1]: 

Definition. We will say that a limit periodic set I" of the family X has finite 

cyclicity, if there is a neighbourhood V of ),o, and there exists e > 0, N E N 

such that for each A C V the number of limit cycles of the field Xx, whose 

Hansdorff distance to 1  ̀is less than e, is not bigger than N. The cyclicity of I" 

in X is the infimum of such N as the diameter of V and e tend to 0. 

It is shown in JR1] that the Finiteness Conjecture is implied by the following: 

Finite Cycllcity Conjecture. ([R1].) Every limit periodic set of any analytic 

family X has finite cyclicity. 

So finally Hilbert's 16 th problem will be a consequence of the finite cyclicity 

of any analytic unfolding of any limit periodic set. 

Our desingularization method is aimed to further the simplification of limit 

periodic sets of analytic families. In particular, at each step of this desingulariza- 

tion we will keep track of all the limit cycles. This seems to distinguish the ideas 
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A METHOD OF DESINGULARIZATION 95 

presented here from a similar work recently published by Trifonov ([Tr]). 

A step of desingularization will consist in making one of the following three 

operations, locally performed around limit periodic sets: 

Induction of a family by another one (for instance by versal unfolding when 

it exists), 

Local division by factor functions. This operation needs the generalization 

of vector fields into what is called local vector fields (see Chapter I), 

Generalized blowing up. This operation consists in making a weighted blow- 

ing up along analytic submanifolds. It is the most important of the three opera- 

tions. 

Now, the source of difficulties is the following: when applied to a family 

X, the generalized blowing up operation, as conceived here, destroys the family 

structure, because it is done globally in S 2 x 3,. For instance, see an example 

in [R3], where this operation was first used. The blown up family is no longer a 

family but a new object, consisting of a vector field tangent to a two-dimensional 

singular foliation and called a foliated local vector field. 

This object is studied in detail in Chapter I. 

It is clear that, because we want to use it in a recurrent way, we have to define 

the operation of generalized blowing up directly for foliated local vector fields. 

This is done in Chapter II. 

In the present paper we limit ourselves to the presentation of the method and 

we do not give a proof of any desingularization theorem. In Chapter Ill we only 

indicate what such a theorem could be. By analogy to the desingularization of 

a single analytic vector field (see [D], IS], IV]) we introduce elementary limit 

periodic sets (all their points are elementary singular points, i.e. at least one of 

their eigenvalues is non-zero) in the context of foliated local vector fields. We 

conjecture that for any analytic family X there is a finite number of steps, using 

one of our three operations, which produce foliated local vector fields with all 

their limit periodic sets elementary. 

In Chapter IV we make the first step toward the proof of such a result, showing 

that any analytic family can be desingularized to obtain a family whose singular 

set Z (X) is of codimension at least two. 
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This paper deals with the method but we do not provide any examples of suc- 

cessful desingularization here. The rescaling formulae ([Ta], [B], [DRS1]) provide 

the first example of this type. The global blowing up described in this paper has 

already been applied in [R3], where it is proved that analytic unfoldings of cusp 

loops can be desingularized in the sense of Chapter IlL Some new applications of 

such desingularization to particular cases are forthcoming ([DR1], [DR2], [DRS]), 

along with the desingularization of families with nilpotent points ([R4]). 

One of the authors, Z. Denkowska, wishes to express her gratitude to the 

Laboratoire de Topologie of the Bourgogne University, for constant support and 

help in her research work, and to Universit6 Paris Sud for the kind hospitality. 

1. Foliated Local Vector Fields 

In the next chapter we will describe an operation of generalized blowing up, 

which transforms a family of  vector fields into a new object, called foliated local 

vector field and defined in the present chapter. Because of the fact that we want 

to use this desingularization in a recurrent way, we have to define the generalized 

blowing up for this new object i.e. for a foliated local vector field. In order to 

enlighten a little the subject, we begin with a very simple example of a blowing 

up that produces a foliated local vector field: 

(I.1) Example. 
analytically by 

Let us take a family of analytic vector fields, parameterized 

with (x, y) E R 2 and a two-dimensional parameter A. It can also be regarded 

as an analytic vector field X in R 4. Suppose X(0)  = 0 and take the simplest 

blowing up, i.e. the blowing up of R 4 with centre 0: 

r s • R + A1, r) ry, r l, r 2) R 4. 

Throughout the paper we denote by R + the set [0, oo) of nonnegative real numbers. 

For such a blowing up there exists (cf. [D2]) an analytic vector field Jf  on 

S ~ • •+ such that r = X. We have the surjection p = ~r o r which is 

no longer regular. The blown up field 32 is tangent to regular fibers of p, which 

fill an open dense set Uo in S z • R +. The complement of this set consists of 

the singular fiber p - l ( 0 , 0 )  = S 3 x {0} u S 1 x R +. The regular fibers form 
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a two-dimensional foliation of Uo. This foliation extends in a unique way to a 

maximal foliation jr with the singular set ~ which is the circle S 1 embedded 

in the exceptional divisor S z x {0} of ~b. The leaves of jr in $ 3 \  ~ are all 

equal to the interior of an open disc with boundary ~ .  For more precise similar 

description see [R3]. 

As we will use iterations of blowing ups, we need to generalize the example 

above, which amounts to generalizing the field and the foliation in the blown up 

space. 

(1.2) Definition. A local vector field X is defined on a compact (maybe with 

boundary) analytic manifold E by an open finite covering {U i) of E and a col- 

lection {Xi} of analytic vector fields on Ui, verifying the following compatibility 

condition: for each pair of indices i , j  such that Ui A Uj 7~ (~, there is an analytic 

function gij defined and strictly positive in Ui N Uj such that: 

Xi = gijXj in Ui • Uj. 

Two collections {Ui, Xi} and {Vj, Yj} as above are said to be equivalent if there 

exists a collection of strictly positive analytic functions fij, defined on Ui Cq Vj, 
such that Xi = fi~Y3' in Ui A Vj. 

A local vector field on E is an equivalence class of this relation. 

We will denote by Z (X) the set U Zi (X) of singular points of all X~. It does 

not depend on the choice of the defining collection. 

Remark.  The notion of a local vector field is not new. It is what has been 

sometimes called an oriented singular foliation of dimension one (cf. for instance 

JR1]). The notion of oriented orbits and limit cycles is thus well known for this 

object. If we use a different name here, it is because we reserve the name of 

singular foliation for another object, defined later in this chapter. 

(I.3) Definition. We will call a singular fibration a triplet (E, ~r, A) consisting 
of: 

- a compact real analytic manifold E of dimension k + 2, 

- a compact real analytic manifold A of dimension k, 

- an analytic surjective mapping ~r: E ~ A such that for each z E E there are 

local coordinates Xl , . . .  , xk+2 in a neighbourhood of x, sending x to 0, and 
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there are local coordinates A1,. . .  , Ak in a neighbourhood of 7r(x), sending 

r(x)  to 0, such that in these coordinates a- takes the form: 

k+2  pi k+2  i 

,h IIz  ', II pk with = . = x i , p j e N .  (1.1) 
1 1 

We suppose, moreover, that ~r is regular (rank(Tr) = rk ~r = k) on an open 

dense set Uo in E, which is equivalent to saying that the matrix P = (p}) of the 

defmition above has the rank k. We suppose also that each regular fiber of 7r in 

Uo is diffeomorphic to a two-dimensional compact submanifold of the 2-sphere. 

Each manifold in this definition can be a manifold with or without boundary. 

In the case where there are boundaries, we suppose that r - l ( 0 h )  c OE. 

Observe that for a foliation defined on an open dense set in E any two 

extensions coincide on the intersection of their domains, thus there exists the 

unique maximal foliation extending the given one. 

We will denote by 7" the maximal foliation extending the foliation 7"0 defined 

by the connected components of the regular fibers of ~r in Uo. 

The domain of 7" will be denoted by U and the singular set of Jr, equal to 

E/U,  will be denoted by ~ .  

(1.4) Proposition. The maximal foliation 7- associated to a singular fibration 

(E,  ~r, A) verifies the following properties: 

1. The set ~ is an analytic subset of  E and it is decomposed into two analytic 

manifolds, ~1  and ~o,  with codim ~1  > 1 and codim ~o  >- 2, such that 

OE1 = Eo. 

2. Each leaf of  3 r is homeomorphic to a closed submanifold of  S 2, with 

boundary and corners. For a given leaf L let Oo L stands for the set of  

corners and 01L = OL\OoL. 

3. We have uO1L = $ 1  and {01L, L E 7}  define an analytic one-dimen- 
L 

sional foliation of  $1 .  Also, UOoL : So ,  which can be regarded as a 

O-dimensional foliation of  So .  

4. Let x E S and s denote the collection of  all the leaves L of  7- such 

that L is an analytic manifold with boundary in some neighbourhood of 

x. Suppose that x E E 1  aFtd let lz denote the leaf of  ~ 1  through x. We 
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h a v e "  

n{T~L; L E Z~ and z E L) = Tzlz. 

Similarly, for x E Eo we have: N{TzL; L E ~z and x c L} = {0}. 

Proof. First observe that the interior of each leaf L of Jr is homeomorphic to 

an open subset of S 2. Indeed, if this was not true, we would have a compact 

handle in L. Since in an open dense set Uo the foliation is without holonomy, 

some leaves in Uo would also include a handle, which contradicts the condition 

put on regular fibers in definition (I.3). 

All the other properties are local, so let us now take a point z E E and local 

coordinates x l , . . .  ,x,~,n = k + 2, in a neighbourhood of z such that in these 

coordinates 7r is given by formula (1.1). We then have: 

d~j = )~j ~-~p}/xidxi , i  = 1 , . . .  ,-n and j = 1 , . . .  ,k. (1.2) 

Let Q be the set {x ;x l  . . .x,~ ~ 0} mad g the matrix (p~.). By hypothesis, the 

set Uo of regular points of r is open and dense. This implies that rk P = k and 

that Q _ Uo. 
n 

I.zt us take the Abelian Lie algebra A of diagonal vector fields ~ 7ixiO/Ozi. 
1 

Tiffs algebra is isomorphic to ~'~, with X corresponding to '7 = ('71,... , 7n) by 

this isomorphism. 

ot i For a function # of the form # = II  zi and field X ~ A we have: 
1 

where "/�9 a stands for the Euclidean scalar product of c~ = ( a l , . . .  , an)  and 

"~ = ( ~ 1 , - ' '  , ~ n )  in  ~ n .  

Now we define 

A~ = { X  E A ; X .  ~ - 0 } ,  

where A is the function of definition (I.3). 

Obviously, Ar is a two-dimensional Lie subalgebra of A, corresponding to 

vectors 7 E Ker P. 

For x E Q the orbits of A~r are two-dimensional and coincide with the leaves 

of ~ .  Thus extending ~'o amounts to extending the foliation by orbits defined by 

A~ in Q. 
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In the sequel we will use the symbol W ( i l , . . .  , it) for the subspace {x; xi = 

0 for i ~ { i l , . . .  , i t}}  and we will choose for our reasoning appropriate basis 

of A~r, denoted 

: o x 2  o 
~gxi ' = ,Sixi ,gXi " 

We will have to consider two cases: 

Case (a). Suppose there exist a basis X1,X2 with X2 = 6,~9/gx,~,~,, ~ O. 
Then we can choose X1 with 7,~ = 0. 

As [X1, 9/ax~] -- 0, the fields X1, O/~x,~ define also 70 in Q, therefore we 

can replace in our reasoning X1, X2 by X1, O/Oxn. After a suitable permutation 

of coordinate variables we can suppose that 

0 0 
X 1  = 7 1 X l ~ x l  "4- . . .  "q- "/'mXm ~ z m ,  

with m < n and all 71 r 0. Now, if m = 1, we can replace again X1, X2 by 

,9/OXl, c3//~9x, and in this case the foliation ~r is the everywhere regular foliation 

defined by the last two fields. 

If, however, m > 1, we only know that the restriction of X1 to the space 

W ( 1 , . . .  , m) is a hyperbolic field. Zero is the only singular point of this restric- 

tion. 

Since d i m W ( m , . . .  , n) > 2, the foliation by orbits cannot be extended to 

the origin, as in the case where m = 1 above. 

The field X1 restricted to the hyperplane W ( 1 , . . .  ,n  - 1) admits, as the 

singular set, the space W ( m  + 1 , . . .  , n - 1) and is normally hyperbolic to it. 

The foliation defined by X1, O/axr~ is obtained as the Cartesian product of 

the foliation given by X l  on W ( 1 , . . . ,  n - 1) by the axis W(n).  

This is a two-dimensional analytic foliation outside the space W ( m  + 1, 
. . .  , n) and cannot be extended to it. Thus this is the maximal foliation Y. Its 

singular set E is reduced to ~1 ---- W ( m  + 1 , . . .  , n), foliated in dimension 1 by 

the orbits of O/OXn. 

The boundaries of the leaves L of 3 r are leaves of this foliation. In particular, 

the products of W (n) by {xi >_ 0}, i = 1 , . . .  , m, are leaves of L~ (i.e. analytic 

manifolds with boundary), which proves property 4. 
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Case (b). Suppose now that we are not in the case (a). Denote by Do the set 

Do = {x: dim{Xl(x) ,X2(z)}  = 0}. We have two subcases: 

n 

(bl) .  Suppose we can choose X1 hyperbolic i.e. X1 = ~ 7ixiO/Oxi with all 
1 

7i r 0. This is equivalent to saying that dim Do = 0. 

We will denote by Xl( t , x )  the flow of X1. Let P+ ,  P/- stand for the sets 

{xi = + l } ,  {xi = - 1}, respectively. 

Let Vi + = U X l ( t , P  +) and V i- = UXI(t,P~-). 
t t 

Observe that X1 is transversal to P+ ,  P/-, the sets V/+ , V/- are open in Nn, 

invariant by A~, and (UVi +) u (UV/-)  = Nn\{0}. 

We will establish the properties of }" by looking at it in restriction to the sets 

If/• As the proof is the same for each Vi +, suppose we are in V + .  After a 

suitable permutation of coordinates, we can write X2 = ~ ~igciO/OX i, with all 
m 

6i r O,i = m , . . .  ,n and l < m < n. 

The field )22 is then obviously tangent to P +  and hyperbolic in restriction to 

W(m, .  ,n). 

As d i m W ( m , . . .  ,n) > 2, in this space we can reason as in case (a) for 

m >  1. Take 

~ r ~ V  + =UxI(t,W(1,.. .  ,m-  1)). 
1 t 

This set is foliated in dimension 1 by the orbits of X1. All properties of ~ 1  are 

verified like in case (a). This proves property 4 for ~1 .  We still have to prove it 

for ~ o ,  which in this case is equal to {0} and was empty in case (a). Property 4 

for ~ o  follows directly from the properties of the restrictions of A,r to the planes 

W(i, j ) .  

(b2). In this subcase we have dim Do > 0. 

coordinates we can write 

m c O  m 0 

X1 E a n d  x ,  = , 
1 1 OXi  

with 1 < m < n and all '7i 7 ~ 0, for i = 1 , . . .  ,m.  

The foliation 5 r is the same, up to a translation, in every space parallel to 

W ( 1 , . . .  , m), where we have the situation of (hi). 

After a suitable permutation of 
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The set ~ o  is thus equal to the space W ( m  + 1 , . . .  ,n) and all the re- 

quired properties follow from the properties verified in the spaces parallel to 

W ( 1 , . . .  ,m).  [] 

(I.5) Definition. Given a singular fibration (E ,  r ,  3-) and a point z E E a leaf 

through x is: 

the 2-dimensional leaf of 5 r containing x, if x E U, 

the 1-dimensional leaf of ~1 containing x, if x C ~ 1 ,  

the point x, if x E ~ o .  

We will introduce now the main object of our study, generalizing the notation 

of a family of vector fields: 

(I.6) Definition. A foliated local vector field s = (E, r ,  It, X )  is an object 

consisting of a singular fibration (E, 7r, 3_) and of a local vector field X defined 

on E such that X is tangent to the fibers, i.e. dr(x)[X(x)] = 0 for all x E E. 

If  F is a compact analytic submanifold of E such that ~r(F) is a submanifold 

of A, we will denote by s the restriction (F, TrF,~r(F),XF), if it is again a 

foliated local vector field. 

ff  A is a compact submanifold of 3_, we will denote by s the restriction 

s whenever the associated restricted object for F = ~r-l(A) is a foliated 

local vector field, 

R e m a r k .  A family {X~,}, X E h, of analytic vector fields defined on S 2 is a 

foliated vector field with E = S 2 • A and 7r the natural projection of E on 3_. 

(1.7) Definition. A limit cycle of a foliated local vector field Y" is a limit cycle 

of a restriction XL of X to one of the leaves of Y'. 

(I.8) Proposi t ion .  A foliated local vector field X is tangent at each point 

x E E to the leaf through x. 

Proof .  The field X is tangent to the regular fibers by definition, so, by continuity 

and by the density of Q, it is tangent to all the leaves of the maximal foliation 

3 r. Now take a point x in ~ r  By continuity, X(x )  E T~lz, where l~ is the leaf 
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through z. The same reasoning holds for the points of ~ o .  [] 

103 

2. Operations of Desingularization 

In this chapter we will define tl~ee operations of desingularization in the class 

of foliated local vector fields, associating to a certain foliated local vector field 

= (E, Tr, L , X )  a new one ~" = (E, ~-, 3,, J(). 

First we will generalize the notion of a uniform bound on the number of limit 

cycles of Xa in a family {X~ } to the notion of a uniform bound by leaves for a 

foliated local vector field. 

( ILl)  Definition. We say that K is a uniform bound on the number of limit 

cycles by leaves for a foliated local vector field s if, for each L belonging to the 

maximal foliation jr, the number of limit cycles of the restricted field XL is not 

greater than K. 

If such a bound exists for a given foliated local vector field s we say that s 

has the finiteness property. 

The most important property of the three operations defined below is that they 

preserve the existence of a uniform bound, i.e. if a uniform bound on the number 

of limit cycles by leaves exists for g and is equal to K, then N.K,  for some 

N E N, is a uniform bound on the number of limit cycles by leaves for s 

Induction 

(II.2) Definition. Let {X;~}, {X~} be two analytic families of vector fields on 

the same analytic surface S, with parameters A E A and .~ E A, respectively, 

where A, ~t are two analytic manifolds. 

We say that the family {Xi}  is induced from {X;~} by an analytic map 

h: A --~ 3_, if for each A E A, X~ is topologically equivalent to Xh(~). 

If we regard {X;~} and { X i }  as foliated local vector fields g = (S x 

A, 7r, A, X)  and ~ = (S x 3_, ~-, A, X),  where ~r and ~ are the natural projections, 

it is easy to see that if there is a uniform bound by leaves for ~, then the same 

number is a uniform bound by leaves for ~. 
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Local Division 

(II.3) Definition. Given two local vector fields X, Y on (E,  lr, A), we say that 

Y is the result of local division of X if there is a finite open covering {Vi} of 

E, defining both X and Y, and analytic functions fi:Vi -+ R such that 

X i =  fiYi in Vi. (2.1) 

A uniform bound on the number of limit cycles is preserved by this operation too, 

as the leaves of (E,%A,X)  and (E,~r,A,Y) are the same. It is sufficient to 

remark that no limit cycle for X intersects the set Z (X) and then Z (Y) _c Z (X). 

Thus, if there is a uniform bound on the number of limit cycles in leaves for Y, 

the saane bound is good for X. 

Generalized Blowing Up 

This operation will be the most important one and, as we have already mentioned, 

it is the reason for introducing the notion of foliated local vector fields. 

In order to explain why we have to use a generalized blowing up, we begin 

with recalling an example, which is dealt with in [R3]: 

Let us take the two-parameter family (known as the Bogdanov-Takens family 

[Ta], [B]) near zero in R2: 

o o (2.2) : + (x 2 + .  + u(,, + 

where A = (tt, u) is the paranaeter. 

Take the following rescaling formulae: 

x = u2~,  y = u3~t, # : u a p ,  u : u p .  (2.3) 

The family (2.2) can be desingularized with the use of these formulae as a singular 

change of variables and parameters r transforming points ((.% 9), u, (p, P)) E 
D x R + x S 1 into (x, y, #, u) E R 2 x R 2, where D is a fixed compact domain 

in the (.% ~9) space. 

The family X;~ can then be replaced by the new family X(u,~ ) = ~r  

depending on the parameter (u, A) E R + x S t, where A = (p, D), and has to be 

studied on D. 
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It can be shown that the new family is desingularized in the sense that each 

of its singular points has at least one non-zero eigenvalue. 

Such a desingularization by rescaling the family allowed a complete study of 

the unfoldings defined by the family (2.2) near 0 E N 4 (see [B], [Ta] for more 

details). 

Suppose now that the singular point 0 ~ R 2 of Xo belongs to some polycycle 

r .  To study the unfolding of r we have to glue the preceding local study to 

the study of the deformations of the remaining part of P. Here a major problem 

arises: the domain in the (z, y)-plane which is covered by the rescaling formulae 

is equal to D~, = {u2~c, u39): (.~,9) E /3} and its diameter tends to zero as u 

tends to zero. 

To bypass this difficulty, the following idea was used in [R3]: to regard the 

rescaling (2.3) as formulae for global rescaling with weights. This means that 

now we are going to take (.e, #, it, ~) E S 3 and u E N+ and we will apply them 

to Xa regarded as a global vector field in R 4. The result is no longer a family, 

but precisely a foliated local vector field (and here we have a global vector field). 

It is exactly with this global blowing up that we will work. 

Since we want to use this blowing up in a recurrent way, we will have to 

define it in the context of foliated local vector fields. To make the presentation 

clear, we begin explaining this operation in detail for a one-point centre a E E. 

This is a mere extensiofi of the particular case presented in JR3]. Next, we will 

describe our blowing up operation in all generality. This is what is called in the 

sequel a generalized blowing up of E, along an analytic submanifold C c E, 
of codimension n. This operation is associated to weights a = ( o q , . . .  , OLn) 

and we will also need some restriction on the choice of trivializations of tubular 

neighbourhoods of C in E. The general idea is to have locally good trivializing 

charts transversally to C, so as to be brought back to a situation similar to the 

one with oneTpoint centre. 

Generalized Blowing Up With One-point Centre 

(II.4) Definition. Given a point a E E,  a coordinate map T: ~n ~ W on a 

neighbourhood W of a (coordinates: Z l , . . .  , z,~) and weights a : ( a l , . . .  , a~)  
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E N n, take 

~ : s  "-x • R + ~ ( ~ 1 , , . .  ,~ , ,~ )  -+ , ~  = ( ~ ' ~ 1 , . . .  , ~ " ~ , )  c R" 

and put E = E \{a}  tO S n-1 • R +, glued together by T o r with the natural 

structure of a compact analytic manifold (cf. [B J] for instance). Let ~ be t h e  

analytic mapping defined by the commuting diagram: 

/~ + ~ E 

S '~-1 x R + > R '~ 

where i stands for the natural inclusion. 

We say that (E, r  N) constructed in this way is a blowing up of  N in 

a, associated to the map T,  with weights ~. We will denote by /9 the set 

i ( S  n-1 x {0}), which is the exceptional divisor of ~. 

Remark.  In the case where a E OE, we suppose that, in the coordinate system, 

OE is given by {zi  = 0}, for some i. 

To be able to work in coordinate systems, we prove the following lemma: 

(11.5) Lemma.  Let C c W~\{0} be a hypersurface such that the mapping 

+ c : c  • R + ~ (~1,. . .  ,~ , ,~)  - ,  ~ = ( ~ , . . .  , ~ , ~ , )  ~ R" 

is an analytic embedding. 

Then there exist an analytic embedding ~c: C --~ S n-1 and an analytic 

function T : C ~ R + such that ~b defined as 

r  •  ~ Co, , - )+  ( ~ ( c ) , ' r ( ~ ) . ~ ) ~ s  ~-~ •  + 

is an analytic embedding and Cs o ~ = r  where Cs stands for  the map 

of  Definition (II.4). 

Proof. The map Cs is an analytic diffeomorphism between S '~-1 x I~ + and 

•n\{0}. Take r Rn\{0} ~ S n-1 X R + and denote it by (.~, r ) ,  where 
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.e: W~\{0} -+ S '~-1 and T:  R'~\{0} --+ R +. Observe that the hypothesis about 

r  is equivalent to .e being an embedding. We have Cs(~c(c), T (c ) )  = c, which 

means c = T ~ c , i  = 1 , . . .  ,n. Now take r  We have 

= = = 

This implies that r  = Cs o r [] 

R e m a r k  (11.5.1). When C is the hyperplane {xi = +1} or {xi = -1} ,  the 

mapping r  is called directional blowing up in the direction xi, associated to Cs. 

Now we look at the effect such a blowing up has on a vector field defmed 

near a: 

(II.6) L e m m a .  Suppose we have a blowing up of  E in a, with weights a, 

associated to T (coordinates x l , . .  . , x,~) and g?: E, ~ E (cf  Def. (11.4)). Let 

X be an analytic vector field defined in the chart domain W and such that 

X ( a )  = O. Then there exists s E No such that the field tsffP~-l(x), defined on 

r  can be extended to the whole set O-X(W)  analytically. 

Proof .  We use the coordinate system ( Z l , . . .  , xn). Put FI = dxl A . . .  A dxn 

and let w = XJ fL where ] stands for the interior product. 

Denote ~5 = r  and ~ = r Observe that 

fi ---- t~* ' - l .12 ,  (2.4) 

where ~ is a volume form on S n-1 x •+. 

As r is a diffeomorphism o,1S n-1 • (~+ - {0}), the field k = r is 

defined in this set. 

We have XJl~ = ~ in S n-1 • (~+ - {0}). Substituting l~ by the formula 

(2.4) we get .5(Jtsh = ~5, where s = P, a i  - 1. 

Therefore, since 2 ] t * f i  = t s 2 J f i  on S "-~ x (~+ - {0}), the field t * 2  is 

defined and analytic in the whole set ~ - I ( w ) ,  also for t = 0. [] 

R e m a r k  (11.6.1). In the case where a i  = 1, i  = 1 , . . .  , n, we can take s ---- 0 

and obtain the classical result (cf. for instance [D2]). 

R e m a r k  (11.6.2). In the coordinate system (Xl , . . .  , Zn) tile map ~ is expressed 

as Cs by definition and the field X = t ~ , l ( ~ : )  is equal to t s r  

Bol. Soc. Bras. Mat., $7ol. 22, No. 1, 1991 



108 ZOFIA DENKOWSKA AND ROBERT ROUSSARIE 

Let a collection of manifolds Ci __c W~\{0} (space of the variable .~) be as in 

Lemma II.5 and such that the corresponding maps r  form an atlas of S n -1  x R n 

and let 

= x ---+ R "  

be as in lemma II.5. 

Then, proceeding like in lemma II.6, we can define a collection of vector 

fields fffi = r S r  in each chart domain Ci x R +. 
i C .  $ 

It follows from lemma I1.5 that each fffi is equivalent to the global fff : 

tSCs, l (X) in its chart domain and thus the collection {fill, Ci  x R+}i is a local  

vector  f i e ld  in S n -1  x R +. 

Generalized Blowing Up Along a Submanifold 

In the sequel C will denote a connected compact analytic submanifold of E ,  with 

or without boundary. If C is with boundary, it will always be supposed that 

0 C  c a E .  The proofs we give below concern submanifolds without boundary, 

but each of them extends in an obvious way to C with boundary 0 C  c a E .  

n will now stand for the codimension of C in E and k will denote the 

dimension of C. Therefore d im E = n + k. 

Let o~ be a system of weights as above. We suppose that it is ordered in the 

following way: cq >_ c~2 >_ . . .  _> ct,~. For what follows, we need to introduce 

the gap values 1 <_ 11 < . . .  < lm <_ n defined by c~1 . . . .  = cq 1 > oq1+1 = 

. . . .  az,,~ > az,~+l = . . .  = an.  The gap values correspond to the "jumps" in 

the sequence a.  

Let I = { l l , . . .  ,Ira} with l = 0 when weights are equal. We consider the 

following subspaces of the space R '~ 

F z s = { ( x l , . . . , Z n ) : x i = O  whenever i < _ l ,  or i > l s + l }  

for s = 1 , . . .  , m - 1. This definition is easily extended to s = 0, rn (for 

instance Flo = R n. Next we define Els for s = 0 , . . .  , m as the direct sums: 

Els = Fls (9 . . .  (D Fire. The collection El = ( E z o , . . .  , El,,~) is called a f lag.  

We have the inclusions: Ez~ = Ft,,~ c . . .  c El2 c El~ c Elo = R '~. 

Let G L t  c G L ( n ,  R r~) be the subgroup of invertible n x n matrices for which 
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Eta, s = 0 , . . .  , m  are invariant subspaces, i.e.: 

GLt = { M  e GL(n,~): M(Et , )  C Ets for s -= 0 , : . .  ,m} .  

The subgroup GLt consists of all invertible matrices M = (Mij) such that 

M/i  = 0 for lr < i < ls+l and j > Is+l. For l = ~ ,  GLt is the whole linear 

group G L(n, R). 

(II.7) Definition. Let x '  : x~ ' . . . : f in  n be a monomial in x = ( x l , . . .  ,xn) and 
let i = ( i l , . . .  , in). 

The a-degree of x i, denoted by a-deg (xi), is defined as a-deg (x ~) = a.i = 
'gt. 

ajij. 
j = l  

More generally, if f ( x )  is an analytic function, with f(O) = O, we define: 

a - d e g ( f )  = Inf{s:  f(u'~5:) = O(&) for (u,.~) e n + x sn-1}. 

See (II.4) for the notation u'~.~. 

It is easy to compute a-deg ( f )  by looking at the Newton diagram of f .  

R e m a r k .  Let M be an invertible matrix M E GL(n, W~). Then M E GLt if 
and only ff a-deg ( ~  Mijxj) = ai, for i = 1 , . . .  , n. 

J 

Now we are in position to define a weighted blowing up transversal to the 

given submanifold C (C as above) and which will have the form x = u'~.~ in 

local coordinates, analogous to that of Definition/I.4. To this end, we introduce 

the following: 

(II.8) Definition. For a sequence of weights a and a submanifold C as above, 

an a-admissible trivialization of C is given by a collection of charts (Wi, r 
such that: 

(1) r  x N'~ ~ E is an analytic diffeomorphism on its open image Wi and 

x { o } )  = n c ,  

(2) T = UWi is an open tubular neighbourhood of C. 

(3) If Wi cq Wj # fg, let the transition map gyi ---= ~/'j 1 o r be written gji (ci, xi) ---- 

e x 

For sake of simplicity, we will write C(c, x) for Cji(ci, xi). We suppose that 
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for each (c, 0) in the set r162 x {0})] the following conditions are satisfied: 

the partial Jacobian matrix 

( ~ x ( c , O ) ) E G L I  for all (c,O) E U ,  (2.5) 

c~-deg C i ( x ) -  < 

We say that a trivialization chart (W, r with W c T (i.e. a chart that verifies 

(1)) is compatible with the collection {Wi, r above if it verifies (3) for each 

(Wi, r of the collection. The c~-admissible trivialization of C will be precisely 

the maximal collection of all trivialization charts compatible with the collection 

{w,,r 

Remark. If a l  . . . . .  an, the condition (3) is verified by any transition map 

gji, therefore in this case any trivialization of C is a-admissible. This is the 

case of the standard blowing up. In the general situation, we have a list of gap 

values I = {lo, . . .  , lm} and condition (2.5) above implies that the normal bundle 

N C  of C admits a reduction of its structural group to the group GL~, i.e. that 

N C  admits a filtration by an/-flag of bundles. For instance, if the sequence a 

is strictly decreasing: ot 1 :> - - "  > Otn, the group GLt is the group of inferior 

triangular matrices and N C  must contain a flag of subbundles of any dimension 

1 andn.  

(II.9) Proposition. Let C c E be, as above, a compact connected sub- 

manifold with an o~-admissible trivialization and let T denote the associated 

tubular neighbourhood. 

Then there exists an analytic manifold T and an analytic surjective map- 

ping r T ~ T such that to each compatible trivialization chart (IV, r  for  C, 

r U x R n ~ T corresponds to an analytic diffeomorphism ~b: U x S '~-1 x 

R + ~ 7" on its image lffV (we will call it a chart of  T) which verifies: 

r  o r o = (c ,  (2.7) 

and T is the union of  the 17r 

The inverse image r  = D will be called the exceptional divisor of  

r In each chart lYd we have D n l~ = r  x S n-1 x {0}), so D is'a fiber 

bundle over C with fiber S n-1. 

Bol. Soc. Bras. Mat., Vol. 22, No. 1, 1991 



A METHOD OF DESINGULARLZATION 111 

Proof. Suppose that such an analytic manifold T exists, together with the map 
N 

ff and charts (W, r  as stated above. 

Take two a-admissible trivializing charts for T, denoted (W, r  r Let 

g be the transition map between their domains U • R '~ and U' >/R n. For simplicity, 

we do not write down the domain of g. 

Let (c,x) E U • R" , (c ' , z ' )  ~ U' • W ~, and (c,~c,u) ~ U • S '~-1 • 

~+, (c', ~c', u') E U' x S '~-1 x ~+ be the corresponding coordinates. 

Put 

4u,(e,< r = (e, r 
Using the two relations 

~DU 1 o 4 0 ~ U  : 4U and ~u 1 ,040 ~U' = 4U', 

we see that the transition map ~ between the two T-charts (IZV, 3) and (I~d', g)') 

must verify 

g o = 4 v ,  o ( 2 . 8 )  

We remark that 4 is invertible for u' r 0. Therefore, for u r 0 the map .~ is 

defined by the formula: 

-- 451 o g o 4u (2.9) 

To construct 7" we have to prove first that the map .~ defmed by (2.9) for u r 0 

has an analytic extension to u = 0. To this end, take g(c, x) = (c', x'), where 

{c 
' = 

x' = C(c,x)  = C(c)x § R(c,x) ,  (2.10) 

where R(c,x)  = O(][x[[ 2) and C(c)is  an n • n matrix. 

We have to compute g o 4It, so in formulas (2.9) above we substitute x by 

Consider first the linear part A = C(c)(u~c). 

Write C(c) = (C(c)ij)ij,~c = (~1, . . .  ,.~,~),.~' : ( .~[,. . .  ,~ ' ) .  

Develop the i th line in A 
n 

1=1 
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and take Is < i <_ Is+l. By hypothesis, we have o~j > ai ff j <_ 18,aj = cq ff 
Is < j < l s+l  and C(c)ij : 0 i f  j ~ /s+l. 

Therefore, if Is < i < Is+l, we have: 

ai = u '~' ~ C(c),ffc I + o(u~q), (2.11) 

where the sum is taken over all j such that ls < j < ls+l. 

Let Q(c) be the reduced matrix whose coefficients are: Q(c)ii = C(c)ii 
for I8 < i _< 18+1 and 18 < j _< 18+1, zero otherwise. Geometrically, the 

matrix Q can be interpreted in the following way: the matrix C(c) leaves the 

flag Et,~ c . . .  c Eto invariant and thus induces isomorphisms on each quotient 

space Fts+l ~- Ets+I/Ezs, so the matrix Q(c) is the matrix of this representation 

of C(c) on the direct sum @~=oFz,. 

So finally we get the following expression for the linear part: 

= + 

Now, consider the remaining term R(c, uagc). Write it as R = (R1 , . . .  , Rn). 
By the condition (2.6) in Definition 01.8) we have: 

= 

where ~ .  is an analytic function of (c, 5:, u) such that ~-- (c, .e, 0) = 0. Then: 

= = + 

Denote by M(c,  ~c, u) the analytic function inside brackets above. We have: 

M = Q(c)~:q- R, where R = ( R 1 , - . . , i ~ n ) .  

For any c, the map S n-1 ~ ~c --. ~2' = Q(c)~c is transversal to the trajectories 

of the linear vector field c~x'O/O~c' = }2 oqgc~O/O~,~. This follows easily from 
i 

the fact that Q(c) preserves each space Fz, and on this space  e'o/oe' is radial 

with a single eigenvalue c~zs. 

This property remains true for the map 5: ~ M(c,  if:, u) with u sufficiently 

small, thus the composition G(c, x, u) of the map e ~ M(c,  e,, u) with the 

projection along the trajectories of the field c~: '0/0.e '  onto the unitary sphere 

S,~-1 in the 5:'-space is a covering map and thus it is an analytic diffeomorphism 

in variable .~, which depends analytically on c and u. The time u, needed to go 

from G(c, ~c, u) to M(c,  ~c, u), is also an analytic function, denoted T(c,  ~c, u). 
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SO 

By definition, we have: 

M(c,~c, u) = T(c,~c, u)~'a(c,~., u),  

x ' =  uC~M = uC~TC~G = ( u T ) a G ,  (2.12) 

with u T  E R + and G E S n - 1 .  

Now, if (c', .~', u') ---= .~(c, ~, u), by substitution in (2.10) and identification 

(2.12) above we get for .~: 

{ c '  = r 
�9 ' = 

u' = uT(c ,  5:, u) 

with all formulas analytic for u = 0. 

Now we construct our space T by taking the quotient of the disjoint union 

]..Ii Ui x S '~-1 x [~+ by the transition map ~. In order to obtain a structure of an 

analytic manifold, we have to verify the cocycle condition .~j~ o .q~i = .qji for the 

maps .~. Remark that outside of the exceptional divisor D this is obvious, as the 

maps ~ are defined there by formula (2.9), so the cocycle condition for the maps 

.~ outside D is implied by the analogous condition verified by the maps g. By 

continuity, this condition extends to D. 

In this way we have constructed the analytic manifold T. The chart maps r 

are induced by the inclusions of Ui • S '~-1 • R + in the disjoint union. 

The map r is defined now by the condition r  o r o r i = r i in each 

chart domain Ui • S n-1 • g~+. The consistence of this definition comes from the 

construction of the maps .~. [] 

Now we are in a position to define the operation of generalized blowing up 

along G. 

(II.10) Definition. Given a and C as above, let an a-admissible trivialization of 

C be taken, T denote the associated tubular neighbourhood of C and r 7" --+ T 

be the analytic submersion constructed in Proposition (11.9) above. 

Put E = ( E \ C )  U T, the disjoint union obtained by the identification of 

rh E T with r E T c E for all rn E T \ D .  This endows E with a 

natural structure of a compact analytic manifold. Let ~ be the analytic mapping 
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~: E --* E defined by the commuting diagram: 

+ ~ E 

l, l, 
7 r  

where i stands for natural inclusions. 

We say that the map ~: ~7 ~ E constructed above is the a-weighted blowing 

up of E along C, relative to the given a-admissible trivialization of C. 

As in definition (II.4), we will denote by P the image i(D) and call it excep- 

tional divisor of this blowing up. Since P is diffeomorphism to D, it is fibered 

on C with fiber S n-1. 

Now we have a lemma, analogous to lemma (II.6): 

(II.11) Lemma.  Suppose we have a blowing up �9 in the sense of Definition 

(11.10) and a local vector field X defined on the associated tubular neigh- 

bourhood T, such that C c Z (X), where Z (X) is the set of zeros of X.  

Then there exists an analytic local vector field .~ on T which is equal to 

�9 , I ( X )  on 7"/P, where [ is the exceptional divisor. 

Proof. It suffices to prove this result locally. So let us choose an open covering 

of T by a collection of c~-admissible charts (Wi,r162 x R n ~ T as in 

definition (II.8) and such that X is defined by an analytic vector field Xi on Wi 

for all i. The transition maps from Xi to Xj,  when W i n  Wj ~ 0,  are denoted 

fij" 

Now, in each chart domain Wi, up to a trivial factor ui we have a situation 

analogous to that of lemma (]L6). A reasoning similar to the proof of this lemma 

shows that if s = ~ oq - 1, then in each chart 1~ of 7" the vector field u ~ ,  1 (Xi) 

defined on 14ri\P is extended to an analytic vector field Xi on 17Vi. The collection 

{l~i, Xi} defines a local vector field X on T, with transition maps f i j  = fi j  o ~. 

Clearly, ffs is equal to ~-X(X)  on 7"\P. [] 
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Remark.  As in Remark (II.6.2), if we have a covering of S n-1 by a collection 

of charts, fffi will be replaced by another representant of its equivalence class and 

so will fir. 

(II.12) Definition. Given a blowing up ~: ~7 ~ E as in Definition (II.10), along 

a submanifold C of E, and a local vector field X such that C c Z (X), we will 

call the blowing up of X the local vector field fff on I7r constructed in Lemma 

(]I. 11) above. 

By the construction, fff is equal to X on ~7\P. 

To have the uniqueness in this construction (up to the equivalence relation 

for local vector fields) we take the minimal s E N U {0} such that the field 

u ~ 2  l (x i )  extends analytically and denote the blown up field for such minimal 

s b y X .  

Clearly, this definition does not depend on the choice of the collection of 

a-admissible charts (W~, r made in the proof of 1emma (II.11). 

(II.13) Definition. Let C c E be as above and let $ ---- (E, :r it, X )  be a 

foliated local vector field. Take an a-admissible trivialization of C and let <I, be 

the generalized blowing up relative to it. 

We say that this blowing up is compatible with the given singular fibration 

(E,  zr, A) if rc: C ---+ h is a submersion onto an analytic submanifold C'  c A. 

For each a-admissible chart (W, r of C, there exists a trivialization chart 

(W', r  of C' ,  r  U' x R t ~ h being a local diffeomorphism on its image W', 

with r  x {0} = W'  A C'  such that if ( z l , . . .  , xn) are coordinates in R n 

and (A1, . . .  , At) coordinates in ~t, we have: 

(r o , x , )  = 

with A1,.. �9 , At monomials of Xl , . . .  , xn. In the above, I denotes the codimen- 

sion of C '  in A. 

Remark.  This definition is clearly independent of the choice of (W, r  and 

(w',r 

(II.14) Proposition. Suppose that we have a foliated local vector fieM E = 

(E, ~-, A,X)  and a blowing up ~ compatible with the singular fibration 
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(E,  r ,  A) along a submani fo ld  C c Z ( X ) .  Such a b lowing  up, appl ied  to ~,  

gives as a result  the object  ~ : (~ ,  ~,  A, fir), which  is again  a fo l ia t ed  local  

vector f ieM. We have A = A and  ~r = ~r o ~.  

Proof. All the required properties are easily verified, except the form of ~-. We 

will restrict the proof to the case where C restricts to one point. The general case 

is completely analogous, using systems of local coordinates of definition (11.13). 

Suppose C = {a}. In the local coordinates ( x l , . . .  , xn )  chosen for ~r (cf. 

Def. (I.3)), it has the form 

pi i 
~I I ' I x l  l ,  "" ' A n - 2  H Pn-2 = . = X i �9 

Putting xi : raiYci,i : 1 , . . .  ,n,  i.e. substituting r into these formulas we 

obtain (take one A) 

A : rNycPll _pn �9 . .  x n , where N c~lp 1 q- . . .  q- C~np n. 

Let us look at A in the coordinate system {x i  = cs t } ,  for instance {Xl : 1} 

(cf. Lemma (II.6)). Local coordinates are (t, x 2 , . . .  , xn) ,  and in this coordinate 

system a = (0, a 2 , . . .  , a,~) (we have supposed x l ( a )  > 0 to take {xl = 1}). 

By the change of coordinates 

t = X 1  

xi  = ai + X i  for i = 2, . . . , n 

we get 

A = u . r N . X C  1.  . . xpn n ,  

with u an analytic strictly positive function and some pi r 0. 

As we have done this for each Ai, j : 1 , . . .  , n - 2, we obtain a matrix p 

with entries p}. 

By the hypothesis about It, we have rgA : n - 2. This implies that r g P  = 

n - 2 too and after a suitable permutation of rangs and columns in P we may 

suppose that p~ r 0 for i : 1 , . . .  , n - 2. Now we can take again a coordinate 

change 
Yl = Xl 

ui = u i ~  " X i ,  i = 2 , . . .  , n 

and the wanted form of ~- is obtained. [] 
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(II.15) Proposition. If there is a uniform bound K on the nwnber of limit 

cycles of ~ by leaves, then there is a uniform bound K .  N, for some N E N, 

on the number of limit cycles of C by leaves, where ~ is a foliated local vector 

field and ~ its blowing up (cf (1.11)). 

Proof.  Because C c Z (X), any limit cycle in a leaf L is in L\C. Now by the 

quasitransversality of C there exists an N ~ N such that the number of connected 

components of L\C is equal to N for each leaf L intersecting C. This proves 

the proposition. [] 

Each of the three operations defined above induces a new foliated local vector 

field ~ when applied to a foliated local vector field ~. We have shown that, for 

each operation, the finiteness property of ~ implies the finiteness property of ~. 

3. Conjectures 

In this chapter we will formulate and discuss the conjectures that we would aim 

to prove in future works on the subject, ush~g the tools presented in the present 

paper. In Chapters I and II we introduced the tools we will use (such as foliated 

local vector fields or the three desingularization operations). Let us first introduce 

some notions. 

(III.1) Definition. Let ~ = (E,  rr, A, X)  be a foliated local vector field 

(F.L.V.F.) and let a E E be a singular point of X (a E Z(X)) .  

We say that a is an elementary singular point if for each leaf L E s the 

point a is an elementary singular point of X L (i.e. the 1-jet j2XI, has at least 

one nonzero eigenvalue). 

Remark.  If a E E, it may happen that a E [, for several leaves of s Also, 

we do not require the elementary singular point to be algebraically isolated. As 

they are hyperbolic or semi-hyperbolic points, in the case they are not isolated, 

they will form a normally hyperbolic line. 

(III.2) Definition. Let E = (E, ~r, A, X)  be a foliated local vector field. We say 

that a compact invariant set F c E is a limit periodic set of E if there exists a 

sequence of limit cycles of g that converges to F in the Hausdorff metric. 

(111.3) Definition. A limit periodic set of ~ is called an elementary limit periodic 
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set if each of its points is either regular (X(a) • 0) or is an elementary singular 

point of ~. 

Remark.  It is possible to show, using the Poincar6-Bendixon theorem, that an 

elementary limit periodic set is formed of a finite number of arcs, each of them 

being either a trajectory or a normally hyperbolic line of X. Besides, each of 

these arcs is contained in the closure of one of the leaves of Jr. The extremal 

points of the arcs are in Z (X) and may belong to E. 

In particular, an elementary polycycle contained in a leaf L E 7" is an exam- 

ple of an elementary limit periodic set, although in general an elementary limit 

periodic set need not be contained in a leaf of Y. See [R3] for more examples. 

(III.4) Definition. A step of desingularization is given by a correspondence 

between two collections of foliated local vector fields, satisfying the following 

conditions: let ~i : (Ei, ~rl, AI, Xi), and suppose that there exists a collection 

{ s176 Ei) = (Eli , zcij , Ai i ,Xi j  ) such that: 

(1) Eii c Ei for all ( i , j )  E I x J ,  

(2) for each i C I, every non-elementary limit periodic set of s is contained in 

the interior of one of Eli, 

(3) for each ( i , j )  E I x  J, the maximal foliation of s is the trace on Eli of the 

maximal foliation of Ei. Moreover, there is an analytic map r Aq ~ Ai 

such that ~ri o i : ~bij o ~rij, where i is the inclusion i: Ei~ ~ Ei, 

(4) for each (i, j )  E I • J, ~ii is either equal to Ei~. or is inducedfrom $i]" by 

one of the three desingularization operations of Chapter ]3. 

Now we are in a position to formulate the two conjectures: 

(IIL5) Desingularization Conjecture. For any analytically parameterized 

family {X~}, A c A, of analytic vector fields in S 2 a finite number of desingu- 
larization steps can be chosen, such that in the resulting final collection {•} 

of foliated local vector field each s has only elementary limit periodic sets. 

(III.6) Reduced Local Finite Cyclicity Conjecture. Each elementary limit 

periodic set F of a foliated local vector field ~ : (E, ~r, A, X)  has the finite 
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cyclicity property, i.e. there exist e > 0 and K E N such that for each leaf 

L E jr the number of  limit cycles of  ~, at a E-Hausdorff distance to r less 

than e, is bounded by K. 

(III.7) Definition. We say that a foliated local vector field ~ has the finiteness 

property ff there exists a number K such that each leaf of the maxirnal foliation 

of ~ contains less than K limit cycles. In the case of families this definition 

coincides with the one given in the introduction. 

(III.8) Proposition. DesinguIarization Conjecture (111.5) together with Re- 

duced Local Finite Cyclicity Conjecture (111.6) imply that each family on S 2 x A 

as in the introduction has the finiteness property. 

Proof.  Suppose that after k desingularization steps we have obtained a collection 

of foliated local vector fields whose limit periodic set is elementary. We want to 

prove that all foliated local vector field of this collection, preceding the final one, 

has the finiteness property. 

It follows from (III.6) that each foliated local vector field ~ in the final 

collection has the finite cyclicity property. Using the proposition given in the 

appendix we conclude that each E has the finiteness property. 

Suppose we have proved that in the s-th step of desingularization, s _> 1, all 

foliated local vector fields have the finiteness property. Let ~ be one of the foliated 

local vector fields of the (s - 1)-th step. Since the finiteness property is preserved 

by the three desingularization operations, it follows that each non-elementary limit 

periodic set of ~ has the finite cyclicity property. Each elementary limit periodic 

set has it too, by (1II.6). So ~ has the finiteness property. Therefore, by decreasing 

induction, we obtain the required result. [] 

4. Basic Simplifications 

In this chapter we want to eliminate families of vector fields {Xa }, defined on 

S 2 x A as in the introduction, for which some X~ vanish identically, replacing 

them by a finite collection of families {X~}, A E Ai, not containing vanishing 

fields. This result is established in Proposition (IV.3). 

Next, we want to replace foliated local vector fields (E, ~r, A, X)  such that 

codim Z ( X )  = 1 by foliated local vector fields (E,  ~r, A,32) for which codim 
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Z(X)  > 2. This will be done by local division, under the assumption that 

Hi(E ,  ][2) = 0 (see Proposition (IV.5)). 

Combining the two preceding results, it follows for instance that in order to 

establish the finiteness property for any analytic family on the 2-sphere S 2 it 

suffices to establish this property for the families with no exceptional values as 

parameters and such that codim Z (X) >_ 2. 

(IV.l) Definition. Given an analytic family of vector fields on S 2, {X;~}, A E h, 

we say that Ao E 3, is an exceptional value if Xao =- O. 

We will show how to eliminate exceptional values. In what follows, families 

will be identified with local vector fields on the total space S 2 • A and denote X 

instead of X;~. 

Take a point (too, Ao) in $2 • A and local coordinates (z, y) in a neighbour- 

hood of it, mo = (Xo,yo). In a neighbourhood of (xo, yo,Ao) we have: 

X(x ,y ,A)  = Xa(x,y)  = F(x,y,A)cg/Ox +a(x,y,A)c3/Oy. (4.1) 

We develop F and G, in a neighbourhood Wmo • Uao of (Xo,Yo,Ao), in series 

of yo): 

= a , r ( x  - X o ) ' ( y  - Uo)  r 

l,r (4.2) 
= yo) r, 

l ,r  

where ate, bz~ are analytic in U~o. 

We will denote by J~o ~ the ideal generated by the germs of all atr, bl~ in Ao. 

This ideal does not depend on the choice of local coordinates. 

Using an argument similar to that of the proof of Prop. 1 in [R2], (cf. also 

the book of Herv6 [H]) we show that this ideal does not depend on too. 

(IV.2) Definition. The ideal J~o ~ will be called the ideal of coefficients of X 
and denoted J~o. 

Remark.  Of course Jao = 0ao when ),o is not an exceptional value. 

Now, the ring 0;% being Noetherian, the ideal Jao is finitely generated. We 

will choose a system of generators ]x , . . .  , fm of J;~o and denote by f l , . . .  , fm 
their representants in an open set G c A. 
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It is always possible to choose the generators of J;~o among the germs of the 

coefficients air, blr. We do that. 

One can easily deduce (cf. JR2], Prop. 1) that S 2 is a finite union of connected 

open sets Wj such that there is a connected open neighbourhood U of Ao, U c G, 

for which we have: 

X = f i X {  + ' "  + fraXYm in Wj x U, (4.3) 

where X { , . . .  , X ~  are analytic vector field families in Wj, for each W 1, j = 

1 , . . .  , r. Remark that X vanishes identically for a certain A E U i f f  fl(A) = 

. . . .  fro(A) = 0 and X~ never vanishes identically in Wy. This is due to the 

choice of f l , . . .  , fro. Now we apply Corollary 4.9 of [BM] to the functions 

f l , . . .  , fm  and get a proper analytic surjection r ~r __+ U, where ~r is a real 

analytic manifold, such that r is a local diffeomorphism on an open dense set of 

and f l  = h o 4 , . . - ,  fm = f m  o 4 are locally normal crossings in ~r. 

For each point A, E U take a system of local coordinates ~ a , . - - ,  ,~k in a 

neighbourhood V c U such that f l  = Ul.  ~,1 . . . ,  f m =  urn" ~c~m in ~', with 

Ul , . . .  ,ura unities and o q , . . .  ,~,,~ E N k. 

In the proof given in [BM] we can read that, up to a suitable permutation of 

fi,  the coordinates A can be chosen in such a way that cq < . . .  < c~,~ (where 

3' = (3'1,.-. ,3'k) -< fl = ( i l l , . . -  ,ilk) means 3'~ _< A for i = 1 , . . .  ,k). 

Now, take the field 2 ( x ,  Y, -- X(x, V, defined in S 2 x By (4.3) 

we know that: 

= ?IX{ + ' " +  fmXYm in each W d x U , j  = 1 , . . .  ,r. (4.4) 

Observe that X~ never vanish identically in W 1 and A is an exceptional value for 

.X iff fl(,~) . . . . .  fm(,~) = 0. 
N N 

By the ordering of e l , . . .  ,am, we know that f i / f l , i  = 1 , . . .  , m ,  are 

analytic functions in V, so we can take the field X = -'Y/fl and it will be (cf. 

(4.4)) an analytic vector field in S 2 x ~r. Take a finite subcovering $~1,.. �9 ,V8 

such that r , r  cover U and denote by fffi the field if( obtained in 

G. Take a n f E { 1 , . .  ,s}. 

The family Xi, defined on S 2 x V/, is obtained from X using the induction 

defined by r followed by a local division. Since r is surjective, the finiteness 
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property for X[v i results from the same property for Ri .  One has to note that 

the argument about induction is not used in the sense of Chapter II, i.e. it does 

not go from X tv ~ to .~i, as in Chapter II, but in the inversed direction and the 

result follows from the surjective property of r 

Finally, we can summarize the result obtained as follows: 

(IV.3) Proposit ion.  The finiteness property of analytic vector field families 
X~ on S 2 • A, as defined in the introduction, is implied by the finiteness 

property for the families without exceptional values of parameters. 

Suppose now we have a local vector field X on E such that codim Z (X) = 1. 

We will now proceed to eliminate this situation too. We will need the following: 

(IV.4) Lemma.  Given a local vector field X on E such that Hi (E ,  7/2) : 0, 

defined by an open finite covering {Ui} of E, suppose we have a collection 

{fi, Yi} of analytic functions fi and analytic vector fields Yi, defined in Ui, 

verifying: 

Xi = f~" Yi in Ui,i : l , . . .  ,r and (4.5) 

for each pair i, j of indices such that Ui fq Uj r 0, there is an analytic 
nonvanishing function gij defined in Ui n Uj such that 

fi = gij " f j  in Ui N Uj. (4.6) 

Then, after an appropriate change of signs of Yi when necessary, the collection 

{ Ui, + Yi } defines a local vector field on E, which is the result of local division 

of X. 

Proof.  Let r Ui N U i -~ 7]2, where 712 is the multiplicative group {1, - 1} ,  be 

the function r  = sgngij. As sgnglj �9 sgngik = sgngik because of (4.6), the 

collection {r is a Cech cocycle. Since Hi(E,  712) = 0, there exist continuous 

functions r Ui ---, ~'2 such that r  r  r where r stands for 1 / r  i. 

Let us take ~ = r �9 Y/. These are still analytic fields in Ui. The equality 

(4.5) implies 9ij �9 Yi = l~ in Ui r Uj. Let us multiply both sides of the last 

equality by r �9 r We get: 

r  Cj "9ii" Y / =  r Cj" Yj, hence r "gii" ~ = r ~ .  

Multiplying by r 1 we obtain: 

Cj .  r  giy" I~/= ~ ,  therefore r giy" Yi = ~ .  
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Since e l i  = e j i ,  we have ~i~' = e j i "  gii > 0 in Ui n U~. 

We have thus obtained a family { U i , ~ }  which defines a local vector field, 

with transition functions ~i1. [] 

(IV.5) Proposi t ion.  Suppose X is a local vector field on E, such that 

H I ( E ,  Z2) = 0 and that codim Z ( X )  = 1. Then there exists a local vector 

field ) f  on E, induced by local division of X and such that codim Z( ) ( )  >_ 2. 

Proof.  Take a point a E Z ( X )  and choose a local coordinate system (Ua, r  

r  = 0, in a neighbourhood Us of a, such that X is written X = ~ FiO/Oxi 

with Fi analytic in r 

Take the germs (Fi)o, i = 1 , . . .  , n. Tile ring O is a ring with unique fac- 

torization (cf. [T]), so there is the greatest common divisor of (F1)o, . .  �9 , (Fn)o, 

defined up to a unit. Take one and name it fa- Take f~ = 1 if (Fi)o, i = 1 , . . .  , n 

are relatively prime. 

Now we have (F/)o = f a "  (Fi)o, i = 1 , . . .  , n and (F1)o, �9 �9 �9 , (?,~)o rela- 

tively prime. 

The fact that the germs (Fi)o, i = 1 , . . .  , n are relatively prime is equivalent 

to the fact that the set {~'1 . . . . .  ~'n = 0} is of codimension strictly greater 

than one in 0. 

We can choose a neighbourhood V of O , V  c r in which the germs 

above have representants Fi, fa, Fi such that, at each point of Z ( X )  A V = 

{F1 . . . . .  F,~ = 0}, the germs of ~'i are relatively prime. In V we have 

Fi = fa~'i,i = 1 , . . .  ,n. Put V, = r  The open sets V~ form a covering 

of E; choose a finite subcovering V1, . . .  , V,. 

Let X = E F { O / O x i  in V i. Take Yj = e ; I ( E F ~ O / O x i )  , where ~'/J are 

the relatively prime functions defined above, taken for Vj and let f j  denote the 

greatest common divisor of F~,i  = 1 , . . .  ,n. Put hj = fj  o r The collection 

{hi,  Yj} ,  j = 1 , . . .  , r, verifies the conditions of Lemma (IV.4) because we have 

F / =  Ii"  F{  in r  and F / = fk./~/k in r 

Tiros, again by the uniqueness of factorization in O, we conclude that locally, 

in Y~ n Vk, the greatest common divisors h i, hk differ by a nonvanishing function 

gij. Since the conditions of lemma (IV.4) are satisfied, thcre exists a local vector 
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field Y obtained from X by local division and such that codim Z ( Y )  >__ 2. [] 

Appendix 
In [R1] it was proved that in any analytic compact family, the finite cyclicity 

property implies the finiteness property. In chapter/Eli we have used the same 

implication for foliated local vector fields. We give now a precise formulation 

and a proof of this result: 

Proposition. Let E = (E, A, or, X)  be a foliated local vector field and 5 r its 

associated foliation as in chapter H. Suppose that any periodic limit set in C 

has the finite cyclicity property. Then s has the finiteness property (see the 

definitions in chapter III). 

Proof. Let d be any metric defining the topology of E. Let C (E) be the set 

of all compact subsets in E. We recall that G(E) endowed with the Hausdorff 

distance d h is also a compact metric space [K]. Now let C (3 r) be the compact 

subset in G(E), defined as the closure of the set 

{LIL is a leaf of Y}. 

Let also C(LC) c C(E) be the closure of the subset of all limit cycles of s 

This last subset C(LO) contains every periodic limit set of $. The assumption 

about the finite cyclicity property can be read as follows: 

For any F ~ C(LC), there exist ~r > 0 and K(F) E t~ such that, for 

every leaf L of 5 r, the number of limit cycles 7 in L, with disth(7, F) < e r ,  

is less than K(P).  

Let W(F) be the open er-neighbourho0d of F in C(E). Now, for any M 

C(~ r) we consider the following subset of r  

= { r  C(CL)Ir c M} 

Clearly .MM is a closed subset and so is a compact subset in C(E). By com- 

pactness, there exists a finite sequence F 1 , . . . , F 8  in .MM such that W = 

W(F1) t3 . . .  u W(F8) is an open neighborhood of ~ M  in C(E). We have 

the following property (*): 

There exists a ne[ghbourhood ~ of M in C (E) such that, for all L with 

E ~ and every limit cycle 7 c L, we have 7 E W. 
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Suppose that the property (*) is false. Then we can find a sequence (Li) 

with (Li) converging to M in C(E) such that for each i there exists a limit cycle 

"Ii c Li with '7/ ~ W. Now, because C(E) is compact, we can choose the 

sequences (Li) and (7i) such that (7/) converges to some P c M. By definition 

this r belongs to JqM, which contradicts the property 7i ~ W. 

Now consider "14) with the property (*). For any L with L E ~ ,  every limit 

cycle of L belongs to W = W(F1) U . . .  U W(Fs). So the number of such limit 

cycles is less than K = K(P1) §  + K(Ps).  Finally we have proved the 

following: 

For any M e C(jr) there exist a neighbourhood ~M in C(E) and a 

number KM such that any leaf of jr with L E ~M contains less than KM 
limit cycles. 

The finiteness property follows now from the compactness of C(jr): we can 

extract a finite subcovering of {~)M}M, s a y  { ~ t ) M 1 ,  . . . , ~'~M1} such that C(J') c 

"}~M1 I . . J . . .  I._J ~ ) M 1 .  A uniform bound for the number of limit cycles in each leaf 

of jr is given by K = Sup {KM1,. . .  , KM1}. [] 
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